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Convergent series
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"The divergent series are the invention of
the devil, and it is a shame to base on
them any demonstration whatsoever"

Neil Henrik Abel




But physics is replete with divergent expansions
arising from perturbative solutions to the differential
equations of mathematical physics.

Schrodinger equation

—f—vzw(r) LV (F)p(F) = Ep (F)
m

Perturbative solution diverges in
the asymptotic regime { — oo



What good there is in a divergent series?

“Divergent series converge faster than
convergent series because they don't have
to converge.”

George F. Carrier




The incomplete gamma function
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Expansion-1
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Expansion-1
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Convergent series




Expansion-2
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Expansion-2
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Divergent series
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-200214.7371
1.084753814292189*10719
2.080558598271242*10/10
1.118768869765973*1077
2440.509653
1.4079711899470*10/(-23)
1.4027670218856*107(-23)

divergent series
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The complementary nature
of convergent and
divergent series
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Super-asymptotic summation

The sum of a divergent series up to the least
term.

F0=Y 2% mmh f,(0-) %

N is the location of the least term.



Super-asymptotic sum

\tij)s ['(v,X)=e7x" 12(1 V)k( D"

] Exact value

1.4027670218856040047313 x 10723

O Super-asymptotic sum

1.4027670218856040047308 x 1023

U Relative error

~107(-22)

O Accuracy increases as X — o



In the asymptotic regime X — o0

But accuracy increases as X — oo



This explains why time dependent scattering theory is
effectively described by the leading term of the divergent
perturbative solution of the Schrodinger equation.

- ikr
w(F)~ eF" 4+ fk(e)eT, [ oo



There is a natural barrier to the accuracy of
the super-asymptotic sum.

Can we break through the
barrier?



Why bother to ask for more accuracy beyond
the super-asymptotic sum?

O Super-asymptotic sum is
accurate only in the asymptotic or
perturbative regime.

U We wish to obtain insight in the non-
asymptotic or non-perturbative regime
using the perturbative result.



Hyperasymptotics

By M. V. BErry anp C..JJ. HowLs
H. H. Wills Physics Laboratory, Tyndall Avenwe, Bristol BSS 1TL, UK.

We develop a technique for systematically reducing the exponentially small
(“superasymptotic’) remainder of an asymptotic expansion truncated near its least
term, for solutions of ordinary differential equations of Schrédinger type where one
transition point dominates. This is achieved by repeatedly applying Borel summation
to a resurgence formula discovered by Dingle, relating the late to the early terms of
the original expansion. The improvements form a nested sequence of asymptotic
series truncated at their least terms. Each such ‘hyperseries’ involves the terms of
the original asymptotic series for the particular function being approximated,
together with terminating integrals that are universal in form, and is half the length
of its predecessor. The hyperasymptotic sequence is therefore finite, and leads to an
ultimate approximation whose error is less than the square of the original
superasymptotic remainder. The Stokes phenomenon is automatically and exactly
incorporated into the scheme. Numerical computations confirm the efficacy of the
technique.

M.V. Berry and C.J. Howles,
Hyperasymptotics, Proc. Roy. Soc.
Lond. A, 430, 653-668 (1990)



Hyperasymtotics...

...re-expansion of the remainder term.



total mumber of termns in hyperasymptotic series
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Hyperasymptotics breaks the super-asymptotic

barrier.
M.V. Berry and C.J. Howles, Hyperasymptotics, Proc. Roy.
Soc. Lond. A, 430, 653-668 (1990)



Limitations

U Hyperasyptotics has a natural
barrier to its accuracy.

O Hyperasymptotics is
computationally expensive.



Going beyond hyperasymptotic accuracy
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We obtain an exactification of the Poincaré asymptotic



The Paris integral

F(x):joo‘]V(Xt)dt, v#-1 x>0
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Poincare asymptotic expansion

X —> 0
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A resummation of the Poincare
asymptotic expansion
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Comparison of the accuracy of Poincare,

resummation and hyperasymptotic

summation

o - . l

X Poincare Resummed
(1GF)
10 40x107 | 1.1 x 1079
15 23 x107° | 3.1x 101
20 3.0x107% | 1.3 x 1017
25 1.8 x 1072 | 1.5 x 107%
3025 %1071 | 8.8 x 10~
351 1.5 x 101 | 3.1 x 1030
40 | 22 x 107 | 74 x 1073
45 1 1.3 x 1071 | 1.0 x 10738
50 1.9 x 10717 | 7.7 x 1042

Relative Error

Hyperasymptotic

1st level

2nd level

3rd level

3.0x10°°

25 %1077

28 x 1077

7.5 % 107

T8 x 10713

7.0 x 10713

3.3x 101

1.5 x 10106

1.5 x 10-16

3.1x 1012

1.5 x 10720

1.4 x 10720

6.5 x 1016

1.2 x 10726

1.2 x 10726

1.3 x 1019

3.5 x 10-28

3.5 x 1028

3.7 x 102

1.1 x 10730

2.0 x 10730

3.5 x 102

3.1 x 10732

2.0 x 10732

1.6 x 10-27

1.2 x 1038

3.3 x 1038

Divergent series just got more convergent!

Table from R.J. Fajardo, MS Physics Thesis, NIP-UPD 2015.




The Poincare and resummed series are
formally equivalent.

Fo, (X) < R (X)

FP,V (X) transformation N FR,V (X)

FR,V (X) transformation N Fp,v (X)

But they are not numerically equivalent.



A sequence of functions

{00, (x), (), ..}

Is called an asymptotic sequence if

¢k+1 (X)
A (X)

The sequence is also called an asymptotic scale.

>0 as X—

Example:

X7 x%, x>, ..}



The entire theory of asymptotics is based on
asymptotic scales.

But the resummed series are expansions in non-
asymptotic scales.



The resummation in non-asymptotic

sequence
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Conclusions

U A given Poincare series can be resummed once to
obtain accuracy beyond hyperasymptotic
summation.

U Non-asymptotic scales provide meaningful and
accurate asymptotic sum.



Open problems

U What is the theory behind the most accurate resummation
for a given Poincare asymptotic expansion?

O How should the theory of asymptotics be rewritten in terms
of non-asymptotic scales?

O What specific areas of physics benefit from the theory of
asymptotic expansions by non-asymptotic scales?



Students working on these problems
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Raiseth John Fajardo Anton Hilado

Join them!
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